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The stability of the solutions of a certain class of non-linear systems is considered in the first approximation. The method of
Lyapunov functions is used to obtain the sufficient conditions for stability with respect to all the variables and asymptotic stability
with respect to part of the variables in the case when the first-approximation system is essentially non-linear. © 2000 Elsevier
Science Ltd. All rights reserved.

1. Consider the system of differential equations

X=FX)+G(,X,Y)

(1.1)
Y=Q Y)+D( X, Y)

where X and Y are vectors of dimensions n and k, respectively and the components of the vector F(X)
are continuous functions, homogeneous of order p, u = 1; the vector functions Q(z, Y), G(¢, X, Y), D(,
X, Y) are defined and continuous for

t=0, |IXlI<h NYH<h (1.2)

(where 4 is a positive constant) and satisfy the conditions

Q0)=0, |IGI<X YV)IXI*, IDI<c X}

where ¢1(X,Y) - Oas ||X]|] + [|[Y]| 2 0,¢;>0,A>0.
Along with Egs (1.1), consider the system

X=FX), Y=QtY) (1.3)

which we call the first-approximation system for (1.1).

We wish to find the conditions under which stability of the trivial solution of the first-approximation
system implies that the trivial solution of system (1.1) will also be stable.

Let p = 1, F(X) = AX, Q(¢#, Y) = CY, where A and C are constant matrices. If C = 0, we have
the well-known Lyapunov-Malkin stability theorem in the critical case of multiple zero roots
[1, pp. 108-113]. This theorem has been extended [2-4] to the case in which C # 0, and it has been
shown that if the trivial solution of the first-approximation system is stable and asymptotically X-stable,
then the same holds for the trivial solution of system (1.1) if A = 1.

In what follows we will find the sufficient conditions for system (1.1) to the stable in the non-linear
approximation.

2. Let the components of the vector F(X) be continuously differentiable functions, homogeneous of
order 4, 4 > 1. Let us also assume that the trivial solution of system (1.3) is stable and asymptotically
X-stable, and that a Lyapunov function V;(¢, Y) exists possessing the following properties: (1) V3(z, Y)
is contmuously differentiable for ¢t = 0, ||Y|| < h and has bounded partial derivatives 0V/dy;, i =
L, ..., k; (2) Vi(t, Y) is positive definite; (3) dV(¢, Y)/dt| (13 < 0.
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Note that if Vy(¢, Y) has these properties, the trivial solution of the first-approximation system is
uniformly stable.

Theorem 1. If
A>p-1 (2.1)
then the trivial solution of system (1.1) is uniformly stable and asymptotically X-stable.

Proof. Since the trivial solution of system (1.3) is asymptotically X-stable, functions V(X) and
W(X), positive definite and homogeneous of orders m and m + p — 1, respectively, exist such
that

0V 13X) F(X) = -W(X)

and moreover the function V(X) is continuously differentiable [5, pp. 115-123, 6].
Evaluating the derivatives of V(X) and V(t, Y) along trajectories of system (1.1), we obtain the
following estimates for all ¢, X, Y, in domain (1.2)

a I X" < V(X)<a, IX]"

dvidt|y,y <IXI™* (~a3 +a,6(X, Y)),

a,~>0, l=l,5

Consequently, a number y > 0 exists such that, if for ¢t e [fy, #;] the solution (X(¢). Y(£))T of
system (1.1) remains in the domain |[X]|| <y, ||Y]| <, then the following conditions hold in that

interval
dV(X(t))/df = - a, “ X(t) "m+p-| /2
V(s YO) < Vo, YD) + s, IXE@I* de

Applying the method of estimates [5], we see that then the following inequalities hold for all
t € [to, 1]

NX@ < by 1 X ) 1A+ b, 1 X (2= 1)) 4D
(22)

Vilt, Y(0)) < Vi (g, Y(10)) + by | X (1) 1P

where the positive constants by, b, and b; are independent of the initial data of the solution.
Suppose we are given an arbitrarily small number €, 0 < € <y. Let

B= inf V(Y)
t>0,Y|l=¢

Choose 8 > 0 such that the following conditions hold

26,8 M <B, bd<e, V(LY)<B/2 for [Y[<$S

It follows from estimates (2.2) that if the initial data of the solution (X(¢), Y(f))” satisfy the inequalities
=0, ||X(t)|] <8, ||Y(t)|| <8, then for allz = tywe have ||X(¢)]] <&, ||Y()]| <&, and at the same
time ||X(f)|| — 0 as t > +oo. The theorem is proved.

Remark. Theorem 1 states that if u > 1, the trivial solution will be stable for A < p also. Previously
[2-4] it was assumed, for Eqgs (1.1) with a linear stationary first-approximation system, that A = 1, that
is, A = . It can be shown that the propositions established in [2-4] also hold for A > 0. Thus, inequality
(2.1) is also a sufficient condition for uniform stability and asymptotic X-stability in the case when
p=1
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Let us assume now that the vector function F(X) in system (1.1) is twice continuously differentiable
and that the vector G(¢, X, Y) may be expressed as

Gt X, Y)=B()R(X)+H(1,X,Y)

where the elements of the /-dimensional vector R(X) are continuously differentiable functions,
homogeneous of order 6, ¢ = 1 and B(¢) is an n X ! matrix which is continuous and bounded for
t = 0 together with the integral

Kt) =] B(t)de (2.3)

The vector function H(¢, X, Y) is assumed to be continuous in the domain (1.2) and to satisfy the
inequality ||H|| < ¢; (X, Y) || X]|*, where c3(X, Y) = 0 as || X]| + ||Y]| = 0.

Applying Theorem 1, we find the sufficient conditions for uniform stability and asymptotic X-stability
of the trivial solution: 6 > p, A > p — 1.

The restriction thus obtained for the parameter 6 may be weakened by using a construction, proposed
in [7, 8], of non-stationary Lyapunov functions for non-linear systems.

Theorem 2. If the inequality 20 > p + 1, A > u—1 holds, the trivial solution of system (1.1) is uniformly
stable and asymptotically X-stable.

Proof. Let V(X) and V(¢, Y) be Lyapunov functions for the first-approximation system. Since F(X)
is twice continuously differentiable, we may assume that V(X) is also twice continuously differentiable
[5, pp. 119-123: 6].

Choose a Lyapunov function for system (1.1) in the form

Vy(t, X) = V(X) - 3V /3X) I(R(X)

For all ¢, X and Y in domain (1.2), the following inequalities hold

g X" =g I X" s (e, X)< gy | X 1™ +a; fX |0
dvy 1dtly ;y SUX I (ay +ag 1XN°" +ag 1X P! +a,05(X, Y))
a,->0, i=l,...,7

Using the functions V(, Y) and V,(t, X), we continue the proof as in the case of Theorem 1.
Thus, the trivial solution may also be stable for o < p.
Now consider the system

X =9oW /93X +S(Y)X + B()R(X)
, (24)
Y=Q¢Y)+D(1 X, Y)

where W(X) is a continuously differentiable negative definite function, homogeneous of order pu + 1,
u > 1 and S(Y) is a skew-symmetric matrix, continuous for ||Y|| < A, such that S(0) = 0; the matrix
B(t) and the vectors R(X), Q(¢, Y), D(¢, X, Y) satisfy the conditions specified above. As before, we will
assume that the system Y = Q(¢, Y) has a Lyapunov function V(t, Y) with properties 1-3.

Theorem 3.If 6 = u, A > u — 1, the trivial solution of system (2.4) is uniformly stable and asymptotically
X-stable. :
To prove this, we must choose the Lyapunov function in the form

V@, X) = %x’x -X"KnR(X)
and then again use the method of estimates.

3. Let us consider some examples of the use of the theorems proved above.
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Example 1. Suppose the motion of a holonomic mechanical system with n + k generalized coordinates
(@, 5)" = (g1 -+ » Gn» 51, --- » 5;)7 is described by the equations

4=~0P,/3q+9W/3q+G(1,q,q,s,$)
§=-0P,/ds+D(t,q,q,s,S) (3.1)

where Pi(q) is a continuously differentiable positive-definite function, homogeneous of order
v + 1, v > 1, W(q) is a continuously differentiable negative-definite function, homogeneous of
order u + 1, p > 1 and P,(s) is a positive definite function, continuously differentiable for ||s|| < &;
the vector functions G and D are continuous in the domain ¢ > 0, ||q|| < A&, ||q]l < &, ||s]] < A,
||$]| =< h and satisfy the inequalities

IGl<c(a¢s9lql* IDIsclql

where ¢;(q, q, s,$) —> 0 as ||q|| + [lql] + |Is|} + [|$]l = 0, and a, A and c; are positive constants.
We will investigate conditions of stability of the equilibrium position

q=q4=0, s=s5=0 (32)

Consider the function
(1. LA
V(q,q)=(5q q+l’.(q)) +ch'(9)q' q

wherec > 0,f=1,r= 1.
If

—B+l= bl _v-up
r—B+1 max{l2 , |J.(V+1)} 33

then for sufficiently small ¢ the function V' will be positive-definite, and its derivative along trajectories
of the system

4=-0R /dq+dW/aq (3.4)
will be a negative-definite function; moreover §, 0 < & < 1 exists, such that, for ||q|| < §, ||q]] < 5,

alqlP**? +141P) < V(g ) < 2,01 q 1P +141™)
av 1 de|e < -ay(ig I + )1 PP

where a,, a; and a; are positive constants.
Taking condition (3.3) into account, we have

dV 1dtlys < —-aUlg ™ + 1 G < - aya, N g PV + 1@ 1) < - agV?

. 2 2 -
a,= min (" +12, I*Y), as=asa,a;", Y=—— >1
1

2.2 B

7 +2y =
Applying the method of estimates [5, pp. 70-72], we see that solutions of system (3.4) beginning at
t = 0 in a sufficiently small neighbourhood of the point q = q = 0 will satisfy the following conditions
forallt =0

NaO IV < ane+1), 1aOI PP <A+, A>0

For the system

§=-0P, /s
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we choose a Lyapunov function in the form
V(s 8)= %éré+ Py(s)

Using the functions just constructed, it can be shown that if

a?max{v' M}’ }‘>max{l_l, (u—-ll(_v_t.]—).}
2 u 2

the equilibrium position (3.2) of system (3. 1) is uniformly stable with respect to all the variables and
asymptotically stable with respect to q, q.

Example 2. Suppose we are given a rigid body rotating in inertial space at an angular velocity o about
its centre of inertia Q. Let Oxyz be coordinate axes attached to the body, coinciding with its principal
central axes. The equations of rotational motion of the body under the action of a moment M have the
form

On+wxOw=M

where O is the inertia tensor of the body, © = diag{4,, 4,, A3} [9].
Let us consider the motion of the rigid body in a resistant medium.
We will assumc that the moment of the dray forces of the medium is defined by the formula
= (1,04, V.04, 0)7, where y; and v, are negative constants and p is a rational number with odd
numerator p> 1. We will also assume that A; > A; and A, > A;.
Using the function

V= A4 - A)0? + Ay(A; — Ay )3

it can be showing [3, pp. 19-20] that the equilibrium position w = 0 is asymptotically stable with respect
to wq, W,.

Suppose that, besides the moment M, the body is subject to another moment, due to perturbing forces
M, = B(Y)R(w;, 0,), where the components of the /-dimensional vector R(®»;, »,) are continuously
differentiable functions, homogeneous of order 6, 6 = 1, and B(¢) is a 3 X / matrix which is continuous
and bounded for ¢ = 0 together with the integral (2.3).

Applying Theorem 3, we see that if 0 = p, 1 < p. < 3, the equilibrium position ® = 0 of the perturbed
system is uniformly stable with respect to all the variables and asymptotically stable with respect to ,
and ,.

If the last component of the vector M, is zero, the Lyapunov function can be chosen in the form

V= —;-u)T(-)m -0 I(OR(w,, ®,)

If o = y, the function we have constructed satisfies all the conditions of Rumyantsev’s theorem on
asymptotic stability with respect to part of the variables [10, p. 38]. Consequently, in this case the
equilibrium position will be uniformly stable with respect to all the variables and asymptotically stable
with respect to ®; and w, for u = 3 too.
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